Variations on an algebraic inequality
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Abstract

We present some techniques used to prove a variety of algebraic and geo-
metric inequalities.

1 Main Theorem

Let
2

A(z,y,2) = 2zy + 2yz + 222 — 22 — 4% — 22
Lemma 1. Let «, 3,7 be positive real numbers such that A (a, 3,7) > 0. Then
avw + Buw + yuv < 0 (A)
for all real numbers u, v, w with u+ v+ w = 0.
In addition, cvw + Buw + yuv = 0 if and only if u=v =w = 0.
Proof. Indeed,
avw — fwu — yuv = —yuv + (u+v) (e + fu) = — [(a + B — 7) wv + av® + Su’]

(a+6—7)u 2+u2(2aﬂ+2ﬂ’y+27a—a2—52—72)
2c 4o

=aa|v+
> 0.
It easily follows that equality occurs if and only if u = v =w = 0.

Corollary. Let «, (3,7 be positive real numbers such that « + 3+ = 1 and
A (o, B,7) > 0. If 2, y, z are real numbers with x + y + z = 1, then

2 Z x By — Z ayz > 3afy. (B)

cyc cyc

Proof. Letu=oz—a, v=y—0, w=z—=. Thenz=u+a,y=v+p06, z=w+7,
u+v+w=0, and

2wy = Y ayz =2 (ut+a)By— D a(v+p) (w+7)

cyc cyclic cyclic cyclic
= 6afy + 2 Zuﬁfy —3afy — Z avw — Z (ayv + afw)
cyc cyclic cyclic
= 3afy — Z auw.
cyclic
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From (A) we have ), avw < 0, hence (B) follows. Equality occurs only when
cyclic

xZa? y:ﬁ7 227'
Theorem 1.

i. Let a, 3,7 be positive real numbers such that A («, 3,7) > 0 and let z,y, z be
any real numbers. Then

afy (:L’+y+z)2
A (a, B,7)

ayz + Bzx + yry < )

with equality if and only if
viyiz=(B+y-a)a:Bli+a=p)y(atB-7).

ii. Inequality (C) is a particular case of inequality (A).

Proof. i. If x + y 4+ z = 0, then (C) holds because ayz + fzx + yry < 0, by (A). If
x+y+2z#0, we can assume that z +y+ 2z = 1. Let A = A («, 5,7) and let

weg @Bty=)  BOte-p . v(@+f-7)
A ) Y A ’ A .
BecausezOW=1andﬂc+y+z:1,wehaveu+v—|—wzoand
cyc
S ery = a(B+y—a) By +a—p5)
ay=) clvr——7x )t x
cyc cyc
aBy(B+y—a)(y+a—pP)
:ZCUU+Z AQ
cyc cyc
raB+y—a)v  By(y+a-pu
+Zy:< A T A
_ afy 2 a2 upy(vt+a—-B+a+p-7)
S S (- )+ 5 s
cyc cyc cyc
oy afy
—%’Yuv—i-A+2a57(u+v+w)—czycfyuv+A
< @
- A
by Lemma 1.
Equality occurs when z = a(ﬁ—kA'y—a)’ y = W’Z — ’V(O‘ZM7

and is implied by v = v =w =0 in (A).
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Thus equality occurs if and only if

z:yiz=B+y-—a)a:f(y+a—0F):v(@+8-7).

ii. Whenever = + y + z = 0 inequality (C) becomes (A).

2 Geometric Variations
Notations

1. Let K be the area of triangle ABC

2. Let R,r,s be the circumradius, inradius, and semiperimeter, respectively, of
triangle ABC

3. BC=a,CA=b,AB=c

4. For an arbitrary interior point P, of triangle ABC let the distance from P to
vertex X € {A, B,C} be Rx (P) or shortly Rx

5. Let the distance from P to the side = € {a,b,c} be d, (P) or shortly d,

6. Let Ay, By, Cp be the feet of the perpendiculars from P onto sides BC,CA, AB
7. We will call the triangle A,B,C),, the Pedal Triangle associated with P

8. ap = B,Cp, b, = CL Ay, cp = ApB,.

Because R, Ry, R. are diameters of the circumcircles of PC,AB,,, PA,BC,, PB,C A,

. : a b . c
then, by the Law of Sines, sina = IR sin 8 = op ST = op and
. alig . bRb . CRC
ap:Rasmozzﬁ, bp:Rbsmﬁ:ﬁ,cp:Rcsmy: SR (F1)

Let K, = Kcpp, Ky = Kapc, K. = Kppa and (pg,pp,pc) be the baricentric
coordinates of P, that is p, + pp + pc = 1 and pg, pp, pec > 0.

. K K, K

Then p, : pp : pc = Kq @ Kp : K¢, ie. pg, = fa,pb = fb,pc = fc From
K, + K, + K. = K it follows that

adg + bdy + cd. = 2F. (I)
xdy, xhy

Furthermore, K, = 5 K= 5 2 € {a,b,c} and 4K R = abc, hence
2po K pabe 2pp K peca 2p.K pcab
d, =222 — dy = = d. = = : F2
¢ a 2R " b 2R ° c 2R (£2)
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Note that if a,b, and c are the sidelengths of a triangle, then

A(a,b,c) >0 and A (a2,62,02) = 16K2.
Applications

Problem 1. Let P be an interior point of triangle ABC. Let ap, by, ¢, be the sides
of the pedal triangle associated with P. Find the minimum value of
2,32, 2
a, + b, + ¢,
Solution. Let (pg,pp,pc) be the baricentric coordinates of P, that is pg, pp, pe >

0, pa + Py + pc = 1. Because £B,PC), = 180° — A, by the Law of Cosines,af7

B4 2 o 2K 2pK
d? +d? +2dyd.cos A and cos A = # From (F2), d, = pZ d. = Pe ,
¢ c
b2 4 2 _ g2
and cos A = % and
c
2 APKE ARIKE  dppKP 04— o
p b2 C2 bC bC

4K2

b2 2 (pbc +pcb2+pbpc (b +C —02))

4K2 2 2, 2 2

R 4 pem ) 5oL )+ e (0~ a2)

4K?

= b2¢2 (pbc2 +pcb2 - pbpca2 - pcpabQ — papbc2) .
Then
Zap 2b2 2 Z bC a’ + Pea *p° —Pbpca4 —pcpaa2b2 —papba202)
cyc a ¢ cyc
4K? 22 2,32, 2 2
= 2022 2Zpab = (a®+b°+c )Za Dope | -
a*b?c v ”
a? b2 2
Let © = pa,y = pb, 2 = pe, @ = vﬁ: Y= 55
a2+b2+62 a2+b2+62 2(12+b2+c2
16 K

Then z +y + 2 = a+ 3+ v = 1. In addition, A (a, 3,7) = —————— > 0 and

(a® + b2+ ¢?)

AK? (a? + b2 + c2)?
min (a2 + b2 + ) = ( 555 ) min | 2) zfy — > ayz | .
P a’b*c Yz \  cge cye

cyc cyc

Recalling inequality (B) we get mln (2 dSaxfy—>. ayz) = 3af7y. Then

MATHEMATICAL REFLECTIONS 2 (2009) 4



4K2(a2+b2+02)2 12K?
-3afy=—5—5—5, or
a?b?c? a? +b% + c2

mlin (ag + b% + cg) =

12K?

2

a + b Cp Z W (P T)
which is called the Pedal Triangle inequality. Equality occurs if and only if

a? b? c?
2r2+2 T @il T 2t
or P is the Lemoine point of the given triangle.
aR, bRy cR,.
Zhla — e
2R’ P 2R’? 2R

Pa =

Remark 1. Because a, = and aR, + bRy + cR. > 4K,

we obtain
2 2
2 2 2o (@t+b+c) 1 (aR, bRy  cR.
b > ==
WE TG 2 3 3\2r T 2R T 2R
(R, + bRy + cR.)? | AK?
12R? ~ 3R?’
12K? 4K?
Since pr SR > VP < a?+ b+ c? <9R?, the inequality (PT) is sharper
c
4K?
than a, —i—b2 —i—cp 2 3m2
R bR R
Remark 2. If we let a), = C;—Ra, p = 2—}; ,Cp = CZ—RC, from (PT) it follows that
3a2b2 2
202
R RP
Z - a2 + 02 42 (RP)
cyc

Problem 2. Let a, b, and ¢ be the sidelengths of a triangle ABC'. Find the maximum

value of
da (P)dy (P) + dyp(P)dc(P) + de(P)da(P),

where P is an arbitrary interior point of ABC.

Solution. Because ad, + bdy + cd. = 2K, then by replacing (z,y, z) and («, 3,7) in
inequality (C) with (ad, bdy, cd.) and (a,b, c), respectively, we obtain

abe (ady + bdy + cd.)?
Af(a,b,c)

abe (dyde + dedq + dad,) <

which is equivalent to

4K?

A(a,b,c)’ (DP)

dadb + dbdc + dcda S
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Equality occurs if and only if p, : pp : pc = a(s—a) : b(s—b) : c(s—c) or
dg :dy:d.=(s—a):(s—b):(s—c). This is equivalent to

_ 2(s—a) _ 2(s—b)  2(s—¢)
da = A(a,b,c)’db_ Afa,b,c)” “  Af(a,bc)
Thus
. 4K?
min (da (P) db (P) +db(P)dc(P) +dc(P)da(P)) = m

3 Algebraic Variations of inequalities (A),(B),(C).
Variation 1. Because A (b+c¢,c+a,a+b) = 4(ab+ bc+ ca) > 0, by replacing
(o, B,7) in (C) with (b+ ¢,c+ a,a + b) we obtain the inequality

(+y+2)? (a+b)(b+c)(c+a)
4 ab + bc + ca

ar (y+z) +by (z+x) +ez(z +y) < (D)

which holds for all positive real numbers a, b, ¢ and all real numbers z,y, z. Equality
occurs ifand only if z:y:2=a(b+¢) :b(c+a):c(a+D).

Because ax (y+2) + by (z+z) +cz(z+y) = zy(a+b) +yz(b+c¢)+ zzx(c+a),
inequality (D) can be rewritten in the form

xy Yz zr (»T‘i‘y"‘z)z
b1 cra) T era) @t T @rd)(bre) = 1(ab+ be+ ca)

and, by replacing (z,y, 2) in (E) with (z (b+¢),y(c+a),z(a+b)),we obtain

(E)

(x(b+c)+y(c+a)+z(a+b)?
4 (ab + be + ca) '

xy+yz+zx < (F)

Variation 2. Inequality (F) written as

(a(y+2)+b(z+a)+c(z+y)? >4 (ay+yz+ 2x) (ab+ be + ca) (F1)

is identical to the inequality from [4].

Assume that z,y,z > 0 in (F1). Then

z(b4c)+y(c+a)+ z(a+b)>2\/(ab+bec+ ca) (xy + yz + 2x) (F2)

and

z(b+c) +y(cha) +z(a+b

)
> b+ F
. o p—— > /3 (ab+ be + ca), (F'3)
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. . . ) x Y z
can be obtained by replacing (z,y, z) in (F2) with + + and
( y replacin (2,3, 2) in (F2) with (24 2y =)

Yz
=7 <9 <
v lra) (xty) — 4 zyz < (x +y+2) (zy + yz + 22) )

were discussed in [2] and [3] as strong tools for proving several hard inequalities.

using the inequality >

Adding ax + by + cz to both sides of (F2) we obtain

(a+b+e)(zt+y+z) >ax+by+cz+2y/(ab+be+ ca) (vy +yz + 2x). (F4)

Inequality (F4) is the homogeneous form of an inequality from the 2001 Ukrainian
Mathematics Olympiad, which also appeared in [1] as problem 6.

We conclude this article with a problem.
Problem 3. For positive real numbers x1, xs, x3, x4, 5, Tg prove that

6 4
(z1+ @2 + 3+ T4 + 25 + T6)
E T1Tox3xy < .
63
cyc
Solution. Because

6
E T1T223%4 = X123 - T2 (X4 + T6) + X3x5 - T4 (6 + T2) + X521 - 6 (2 + T4),
cyc

applying inequality (C) for a = z123,b = x375,¢c = x521 and x = x9,y = x4,2 = Xg
we obtain:

6
E T1Tox3x4 <

cyc

(o + x4 + z6)2 . (123 + z3725) (X375 + T521) (T521 + T123)
4 xr1x375 (1 + T3 + 5)

(w2 + @4+ 76)° (21 + 73) (w3 + 25) (w5 + 1)
4 1 + 23 + 25 ’

By the AM-GM inequality,

x|+ x3 xr3 + Ts 5 + X1 3
(1 + x3) (3 + x5) (25 + 21) | mtastas witastas aitaztas
(x1 + 23 +:B5)3 - 3

_(2\'_ 8
- \3) o7

(1 + x3) (3 + x5) (x5 + 21) 8 9
r1 + 23+ x5 - 27 (w1 + 23+ 25)

hence
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and

0 2
T2+ x4 + X6
21‘1962:1:3&64 S( . ) 'ﬁ($1+x3+x5)2
cyc
77(-'1} +x —|—[E)2(x 1 +$)2<3 T1+ a9+ + x4 4
_27 2 4 6 1 3 5 <3 5
_($1+$2+x3+x4+x5+m6)4
N 63 .
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